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Abstract. We analyze the dopant diffusion in p-n-junction in heterostructure, by solving the diffusion
equation with space-varying diffusion coefficient. For a step-wise spatial distribution we find the opti-
mum annealing time to decrease the p-n-junction thickness and to increase the homogeneity of impurity
concentration in p or n regions.

PACS. 73.40.Kp III-V semiconductor-to-semiconductor contacts, p-n-junctions, and heterojunctions
– 85.40.Ry Impurity doping, diffusion and ion implantation technology

1 Introduction

High performance and reliability of microelectronic de-
vices and integrated circuits, recently attracted great in-
terest [1–7]. To increase the performance of these devices it
is important to decrease parasitic capacities, by decreas-
ing the p-n-junction thickness, and at the same time to
increase the homogeneity of impurity concentration. To
obtain high current density in modern devices with lower
dimensionality, in fact, it is crucial to have good interface
profiles of dopant concentration. Different types of tech-
nology processes are used for production of p-n-junctions,
such as short-time diffusion at high temperature and ion
implantation usually in homogenous samples [1,4]. But it
is necessary to develop new approaches to produce semi-
conductor devices with better characteristics: higher per-
formance, smaller fluctuation of parameters, and decreas-
ing of dimensions of elements of integrated circuits [8]. In
this paper we present an approach to increase the per-
formance of semiconductor devices by decreasing the par-
asitic capacitance of p-n-junction, by choosing the space
dependence of diffusion coefficient and annealing time. We
consider an epitaxial layer with thickness a and diffusion
coefficient D1, which has been sputtered on a substrate
with thickness (L − a), diffusion coefficient D2 < D1 and
known type of conductivity (p or n) (see Fig. 1). Let us
consider a dopant, which was infused into the epitaxial
layer from the boundary x = 0. Its initial distribution is
equal to C(x, 0) = f(x) and its spatial integral is nor-

malized to unity
L∫

0

C(x, t)dx = 1. The dopant gives a
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Fig. 1. Step-function space distribution of the diffusion coef-
ficient in heterostructure.

possibility to produce in the epitaxial layer the second
type of conductivity (n or p). At the time t = 0 the tem-
perature of the heterostructure (epitaxial layer-substrate)
was increased rapidly with respect to typical time scale
of the diffusion process ta. This heating leads to diffusion
of infused dopant in the heterostructure during time ta.
After the time interval ta, the heterostructure was cooled
rapidly with respect to time scale ta and dopant diffusion
was stopped. Here our aims are: (i) to reduce the parasitic
capacitance of p-n-junction, by increasing the steepness of
impurity concentration profile between p and n regions;
(ii) to increase the homogeneity of impurity concentra-
tion in doped regions by optimization of distribution of
infused dopant.

2 Method of solution
Our starting point, to analyze the spatiotemporal distri-
bution of dopant concentration in heterostructure, is the
second Fick’s law

∂C(x, t)
∂t

=
∂

∂x

[

D(x)
∂C(x, t)

∂x

]

= −∂G(x, t)
∂x

, (1)
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Table 1. Values of parameter ε from references [9,10].

Heterostructure Dopant ε Temperature

Si/Ge As 0.075 700 ◦C

Si/Ge B 0.09 700 ◦C

Si/Ge P 0.12 800 ◦C

Si/Ge As 0.23 800 ◦C

where G(x, t) is the dopant flow. The initial and boundary
conditions are: C(x, 0) = f(x) and G(0, t) = G(L, t) = 0.
For analytical solution of diffusion equation (1) we use
the following expression for the diffusion coefficient of het-
erostructure: D(x) = D0[1 + εg(x)], where |g(x)| ≤ 1, D0

is average value of diffusion coefficient, and 0 ≤ ε < 1.
Several examples of the parameter ε at different values of
temperature are presented in Table 1.

The function g(x), which corresponds to the profile of
diffusion coefficient with two layers (see Fig. 1), is

g(x) =






1, 0 ≤ ξ ≤ α

− α

1 − α
, α ≤ ξ ≤ 1,

(2)

where ξ = x/L and α = a/L. In previous investi-
gations [1,3,11,12] the authors usually have calculated
solutions of diffusion equation (1) for constant diffusion co-
efficient D0 and for few types of initial and boundary con-
ditions. Specifically absorbing boundaries, step or delta-
functions as initial distribution of dopant concentration,
and layered or exponential space distribution of diffusion
coefficient have been considered.

First of all we solved equation (1) analytically. Analyti-
cal approximate solution has smaller exactness in compar-
ison with numerical one. But it leads to more comprehen-
sive results and helps to understand physical effects better.
To solve analytically equation (1) with space varying diffu-
sion coefficient D(x), we use the expansion in power series
of ε [13]

C(x, t) =
∞∑

k=0

εkCk(x, t). (3)

This approach will be, of course, useful for heterostruc-
tures with low values of parameter ε, as those shown in
Table 1. By substitution of equation (3) into equation (1),
and equating the coefficients with the same power of ε,
we obtain the following system of equations for zero-order
approximation of dopant concentration C0(x, t) and cor-
rections to it Ck(x, t) for k ≥ 1






∂C0(x, t)
∂t

= D0
∂2C0(x, t)

∂x2

∂Ck(x, t)
∂t

= D0
∂2Ck(x, t)

∂x2

+D0
∂

∂x

[

g(x)
∂Ck−1(x, t)

∂x

]

, k ≥ 1.

(4)

From equation (3) we have the initial conditions
for functions Ck(x, t): C0(x, 0) = f(x), Ck≥1(x, 0) = 0,
and the boundary conditions for functions Gk(x, t):
Gk≥1(0, t) = Gk≥1(L, t) = 0. By solving the first equa-
tion of the system (4), with above conditions, we obtain
the zero-order approximation of dopant concentration

C0(x, t) =
1
L

+
2
L

∞∑

n=1

Fncn(ξ)en(t)
n

, (5)

where cn(ξ) = n cos (πnξ), en(t) = exp
[−n2t/τ1

]
, τ1 =

L2/(π2D0), Fn = n
1∫

0

f(ξ)cn(ξ)dξ and ξ = x/L. After

substitution of the series Ck(x, t) =
∞∑

n=1

hnk(t)ncn(ξ) into

the second and third equations of the system (4) we obtain
the first and the second order corrections for the dopant
concentration in the following form






C1(x, t) = − 2
L2

∞∑

n=1

cn(ξ)
∞∑

m=1

m
FmemnGnm

nm
,

C2(x, t) =
2
L3

∞∑

n=1

cn(ξ)
∞∑

k=1

k2Gnk

×
∞∑

m=1

mFmGkm

km

[
emn(t)

nm
− ekn(t)

nk

]

,

(6)

where nm = n2 − m2, Gn =
1∫

0

g(ν)cn(ν)dv/n, emn(t) =

em(t) − en(t), and Gij = Gi−j − Gi+j with i, j = n, m, k.
The expressions (5) and (6) for C0(x, t), C1(x, t) and

C2(x, t) are valid for any profiles of diffusion coefficient
g(x) and any initial distribution f(x). Now we consider
a step-wise spatial distribution of the diffusion coefficient
(see Eq. (2)) and initial condition f(x) = δ(x). After cal-
culation of the coefficients Fn and Gn, we obtain from
equations (5) and (6) the second order approximation of
dopant concentration

C(x, t) ≈ 1
L

+
2
L

∞∑

n=1

cn(ξ)en(t) − 2ε

(1 − α)πL
·

∞∑

n=1

cn(ξ)
∞∑

m=1

memn(t)
nm

(sn−m − sn+m)

+
2ε2π−2

(1 − α)2L

∞∑

n=1

cn (ξ)
∞∑

k=1

k2 (sn−k − sn+k) ·

∞∑

m=1

m

km
(sk−m − sk+m)

[
emn(t)

nm
− ekn(t)

nk

]

,

(7)

where sn = sin [πnα] /n.
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Fig. 2. Space distribution of impurity concentration at an-
nealing time ta = τ1/20π2. Here α = 1/2 and C(x, 0) = δ(x).
Curves 1a and 1b correspond to ε = 0; curves 2a and 2b cor-
responds to ε = 0.2; curves 3 − 6 correspond respectively to
ε = 0.4, 0.6, 0.8, 0.999. Dashed lines correspond to analytical
solution of diffusion equation (see Eq. (7)), solid lines corre-
spond to numerical solution of diffusion equation (1).

3 Discussion

To optimize the annealing time in order to increase the
steepness of impurity profile, for the considered case of
heterostructure with two layers, we analyze the behav-
iors of the dopant concentration as a function of param-
eters ε and α, at different values of annealing time ta.
In Figure 2 we show the behavior of dopant concentra-
tion at fixed time ta, for six values of the parameter ε
and initial distribution C(x, 0) = δ(x). We see from this
figure, that increasing the value of ε, i.e. increasing the
difference between diffusion coefficients D1 and D2, leads
to monotonous increase of steepness of impurity profile
in substrate and increase of the homogeneity of impurity
profile in doped region. This effect could be related to the
semi-insulating property of the interface between layers of
heterostructure. Figure 2 also shows that, increasing the
parameter ε corresponds to increase the thickness of the
region enriched by impurity (p or n type). The effective
thickness of doped region can be determined by consider-
ing the following criterion, used for relaxation time [13,14]

	(t) =
1

C(0, t)

L∫

0

C(x, t)dx. (8)

Here 	(t) is the optimum thikness relate to the “ideal”
impurity profile. By substituting equation (7) into equa-
tion (8) we obtain the second order approximation of the
thickness of doped region of heterostructure, which we
don’t report here because its complicated expression. As
an example for annealing time ta = τ1/20π2, after ana-
lytical calculation of the integrals and numerical summa-
tion, we obtain the following expression for the thickness
of doped region

	 ≈ [0.396 + 0.775α1.322ε − 0.6α0.585ε2]L. (9)

We analyze now the behavior of dopant concentration
at different values of parameter α, for fixed values of

Fig. 3. Space distribution of impurity concentration at an-
nealing time ta = τ1/20π2, for three values of the parameter
α: 1/8, 1/4, 1/2, corresponding respectively to curves 1 − 3.
The initial distribution is C(x, 0) = δ(x) and ε = 0.15. Dashed
lines correspond to analytical solution (Eq. (7)), solid lines cor-
respond to numerical solution of diffusion equation (1).

Fig. 4. Space distribution of impurity concentration at differ-
ent values of annealing time ta. Specifically the values ta from
top (1) to bottom (5) are: τ1/16π2, τ1/8π2, τ1/4π2, τ1/2π2,
τ1/π2. The values of parameters are: ε = 0.5, α = 1/2, and
initial distribution is C(x, 0) = δ(x).

parameter ε and annealing time ta. Our analytical results,
obtained from equation (7), and compared with numeri-
cal solution of equation (1) are shown in Figure 3. We can
see that decreasing of parameter α, i.e. decreasing of the
epitaxial layer thickness a, leads to monotonous increas-
ing of homogeneity of impurity profile in epitaxial layer.
The agreement between analytical and numerical results
is very good. Our analytical approximations give correct
results for values of parameter ε ≤ 0.09 (linear approxima-
tion of calculated results) and ε ≤ 0.15 (second-order ap-
proximation of calculated results), as in most heterostruc-
tures of practical interest. Thus, speed of convergence of
our expansion (3) is enough good.

Let us consider now space structure of dopant con-
centration at different values of annealing time ta. These
curves are shown in Figure 4, for initial distribution of con-
centration C(x, 0) = δ(x) and value of parameters: ε = 0.5
and α = 1/2. We see from this figure, that increasing of an-
nealing time leads to increase the homogeneity of dopant
concentration. Impurity profile, which has main practical
interest, is almost constant in the area 0 ≤ ξ ≤ α, and
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Fig. 5. Dependence of the normalized compromise anneal-
ing time on the parameter α, for fixed value of the parame-
ter ε = 0.15. Curve 1 – analytical approximation (Eq. (10)),
curve 2 – numerical simulation (Eq. (1)).

rapidly decreases in the other region. Thus, it is necessary
to determine such an annealing time, which corresponds
to a compromise between homogeneity of impurity profile
in epitaxial layer and decreasing of impurity concentration
in substrate (compromise annealing time). For determina-
tion of the optimal annealing time we use two criteria.

For the first criterion we introduce the function
β(x, ta) = C(x, ta)/C(0, ta), which can be considered as
heterogeneity coefficient and characterizes decreasing of
impurity concentration space dependence from the maxi-
mal value at time ta. We estimate the compromise anneal-
ing time from following condition: β(a, ta) = 1/

√
2. This

corresponds to decreasing of the impurity concentration
of 3dB at the epitaxial layer thickness in such a profile,
formed during annealing time ta. Inserting equation (7)
into the expression β(x = a, ta) = 1/

√
2, after numerical

summation, we obtain the second-order approximation of
compromise annealing time

ta ≈ [0.36 − 0.2α1/3ε + 5.814α1.17ε2]α2τ1π
2, (10)

where the first term is the zero-order approximation,
which is related to the case of constant diffusion coeffi-
cient. We note that this term is approximately twice the
annealing time obtained in the case ε = 1 (see Refs. [13,
14]). In Figures 5 and 6 we show the behaviors of opti-
mum annealing time as a function of parameters α and ε
respectively. We see that the agreement between analytical
approximation (curves 1 in the figures) and direct simu-
lation of equation (1) is quite good. Moreover we observe
that decreasing parameter α, or increasing parameter ε,
leads to decrease the annealing time at compromise.

The second way to estimate the compromise anneal-
ing time is to minimize the following expression (i.e. to
optimize this time)

U =

L∫

0

{C(x, t) − Cf [θ(x) − θ(x − 	f )]}2
dx, (11)

Fig. 6. Dependence of the normalized compromise anneal-
ing time on the parameter ε, for fixed value of the parame-
ter α = 0.15. Curve 1 – analytical approximation (Eq. (10)),
curve 2 – numerical simulation (Eq. (1)).

in order to obtain the homogenous distribution impurity
concentration in epitaxial layer. Here C(x, t) = Cf [θ(x)−
θ(x− 	f )] is the ideal impurity profile, Cf and 	f are con-
stant, θ(x) is the step-function

θ(x) =






0, x < 0

1/2, x = 0

1, x > 0.

After minimization of equation (11), by mean-square error
technique, and using equation (3) we obtain the system of
equations for the zero-order approximation of the anneal-
ing time ta0 and for corrections tak (for k ≥ 1)






L∫

0

C0(x, ta)
∂C0(x, ta)

∂ta
dx = Cf

�f∫

0

∂C0(x, ta)
∂ta

dx

L∫

0

Ck≥1(x, ta)
∂Ck≥1(x, ta)

∂ta
dx = 0.

(12)

Calculation of the compromise annealing time based on
the system (12) gives us approximately the same result
obtained by using the function β(x, t):

ta ≈ [0.434− 0.306α0.4ε + 5.3αε2]α2τ1/π2.

Last criterion is qualitatively shown in Figure 7, where
we report different impurity profiles corresponding to in-
creasing annealing time. From this figure we see that the
optimum annealing time is that related to impurity pro-
file 3.

4 Conclusions

We analyzed the dopant dynamics by solving the diffusion
equation with diffusion equation varying in space. We de-
rived, for heterostructures of practical interest, an analyt-
ical approximate solution, which is valid for any spatial
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Fig. 7. Curve 1 - ideal impurity profile, curves 2-4 – real im-
purity profiles at different increasing annealing times (from
2 to 4).

profile of diffusion coefficient and for any initial distribu-
tion. For step-wise spatial distribution we obtained the
effective thickness of doped region and the optimal an-
nealing time, which corresponds to maximal compromise
between increasing of homogeneity of impurity concentra-
tion in doped region of heterostructure and increasing of
steepness of p-n-junction.

By increasing the difference between diffusion coeffi-
cients of layers of heterostructure and by correct selecting
the annealing time, we obtain an almost homogeneous dis-
tribution of donors or acceptors in doped region and an
increasing of the steepness profile in un-doped region of
semiconductor structure. Our approach enables us to con-
sider additional terms in expansion of equation (3) to im-
prove the optimization of impurity profile for p-n junction
in heterostructures, paying attention to the complexity of
the analytical expression obtained with respect to a direct
simulation of the diffusion equation.
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